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Abstract
In this paper, we study nonlinear dispersive waves in a slender tube composed of an incompressible elastic material. One of the
purposes is to show that solitary waves can propagate in such a structure. A major difficulty associated with the geometry of a tube
is that logarithm terms can arise. By using a novel approach involving splitting the unknowns into two parts and series expansions,
we manage to overcome this difficulty. A dimension reduction is successfully carried out, and as a result a set of one-dimensional
model equations are established. It is also shown that the dispersion relation of these model equations matches with the exact
dispersion relation of the three-dimensional field equations up to the right order. Then, the reductive perturbation method is used
to deduce the far-field equation, which turns out to be the KdV equation. Since this equation admits a solitary-wave solution, this
shows that solitary waves can propagate in an elastic tube. The influence of the inner radius on the solitary wave is then discussed.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
A slender tube is a terminology used for a hollow structure whose longitudinal dimension is much larger than its
lateral dimension. Such structures are components of many objects, e.g. blood vessels in a human body, beams in a
bridge, and oil/pipelines, etc. Thus, it is important to study the deformations of elastic tubes. Linear wave propagation
in elastic bodies has been studied for a long time and has been used for the determination of material properties and
flaw detections, etc. However, the applications of linear elastic waves are limited for a structure such as an oil/pipeline
which has a long distance, since linear waves cannot propagate too far due to damping. On the other hand, nonlinear
waves (in particular, solitary waves) can still be detected after propagating a long distance, since they can resist
dissipative effects very well. Therefore, it will be more realistic if nonlinear elastic waves are used for detecting
defects in an oil/gas pipeline. We point out that solitary waves in elastic rods have been generated in experiments (see
Samsonov [1]). In this paper, we carry out a study on nonlinear dispersive waves in an infinitely long straight tube
with uniform circular ring cross-sections that is composed of an incompressible nonlinear elastic material. We show
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that solitary waves can propagate in a slender tube, thereby providing some theoretical base for the above-mentioned
potential applications.
There are some similarities between wave propagation in a slender tube and that in an elastic rod. Since the 1970s,
nonlinear dispersive waves in elastic rods have been the subject of many studies. Nariboli [2] first considered weakly
nonlinear waves in an elastic rod and showed that for unidirectional waves the KdV equation arose as the model
equation for long small-but-finite waves. Soerensen et al. [3] and Clarkson et al. [4] derived the so-called improved
Boussinesq equation for modelling bi-directional waves. However, in their model, a dispersive term of the same order
was dropped. Taking that term into consideration, Samsonov [1] obtained the so-called double dispersive equation
and derived the solitary wave solution. In the above-mentioned references, all the authors used the assumption that
the radial strain is a function of the axial strain. However, as pointed out in Samsonov [1], such an assumption was
not based on physical grounds, rather, it is for the mathematical convenience of obtaining a single equation. Without
using such an assumption, Cohen and Dai [5] managed to obtain two coupled equations that are suitable for modelling
bi-directional waves and they also provided the second-order solitary wave solution. Based on this model, Dai et al. [6]
studied the head-on collision of two solitary waves by a consistent perturbation procedure. In two other studies for
finite-length and small-but-finite waves, a new type of nonlinear dispersive equation (similar to the Camassa–Holm
equation) was derived (see Dai [7] and Dai and Huo [8]). It was shown that this physical model admits both the
peakon solution and compacton solution (see Dai [7], Dai and Huo [8] and Dai et al. [9]). In all the above studies, the
assumption that during the motion planar, cross-sections remaining planar and normal to the rod axis were used, which
is sometimes called the Navier–Bernoulli hypothesis . However, it seems that there lack mathematical justifications
and experimental verifications for this hypothesis. Also, a drawback is that the traction-free boundary conditions
cannot be satisfied up to the right order. Recently, we have overcome this difficulty (see Dai and Hou [10] and Dai
and Fan [11]). The idea is to use compound expansions involving both series expansions and asymptotic expansions
to derive suitable model equations. Such an approach will be adopted here to study nonlinear dispersive waves in a
slender elastic tube. Compared with a rod, a tube has an extra inner surface, which implies that two extra boundary
conditions have to be satisfied. Also, a major difficulty is that as the domain for the radial variable does not contain
R = 0 for a tube, the terms such as log(R2) can arise in the expansions. The key is to split the unknowns into two
parts with one involving a power series and another involving the logarithm terms.
We mention that some studies on nonlinear dispersive waves in fluid-filled tubes have been done (see [12] and [13]
and other papers citied in these two references). These authors directly used some approximate theories for the elastic
tube (such as shell theories). In this paper we study nonlinear dispersive waves in a slender tube composed of an
incompressible nonlinear elastic material by starting from the three-dimensional field equations without using any
ad hoc assumptions as used in the approximate theories (see Sections 2 and 3). In Section 4, a set of 15 coupled
one-dimensional partial differential equations are derived as the model equations. A one-dimensional theory is a good
approximate one if it retains the essential features of the exact three-dimensional theory. In our derivations both the
material and geometrical nonlinearity are kept up to the right order. As a result, the nonlinear feature of the problem is
retained. In Section 5, we shall also compare the dispersion relation obtained from the above-mentioned approximate
equations to that from the exact three-dimensional elasticity theory, and it will be shown that they match to the right
asymptotic order. Finally, by using the reductive perturbation method, we derive the far field equation, which turns
out to be the KdV equation. Since this equation admits a solitary wave solution, that shows that a solitary wave can
propagate in a slender elastic tube. In particular, we examine the influence of the inner radius on the solitary wave, as
a comparison to the case of a rod for which the inner radius is zero.
2. Field equations
We consider the axisymmetrical motion of an infinitely long circular tube of outer radius a and inner radius b
composed of an incompressible nonlinear elastic material. We take the cylindrical coordinate system to describe the
motion. We use the coordinates (z, r, θ) and (Z , R,Θ) to represent a material point in the current configuration and
in an undistorted reference configuration, respectively. The attention is on long weakly nonlinear waves, thus we
consider the material nonlinearity up to the second order. For simplicity, we use a constitutive relation suggested in
Truesdell and Noll [14], which takes the form:
T = −PI+ 2µE+ βE2, (2.1)
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where T is the Cauchy stress tensor, P is the undetermined pressure, µ is the shear modulus, β is the second-order
material constant, and E is the Green–Saint Venant strain tensor. It should be noted that although we are using a
specific form of the constitutive relation, the approach adopted here can be applied to other forms of constitutive
relations.
The first Piolar–Kirchhoff stress tensor S is given by S = TF−T, where F is the deformation gradient. The equations
of motion are given by
DivST − ρ d
2V
dT 2
= 0, (2.2)
where ρ is the material density, T is the time, andV = (W,U ) is the displacement vector (W is the axial displacement
and U is the radial displacement). For an incompressible material, we have the constraint |F| = 0, i.e.
U
R
+
(
1+ U
R
)
(UR +WZ +URWZ −UZWR) = 0. (2.3)
Eqs. (2.2) and (2.3) provide the governing equations for the three unknowns P,W and U . We shall suppose that both
the outer surface and inner surface are free of traction. Then the boundary conditions are
SzR = 0 and Sr R = 0 at R = a and R = b. (2.4)
3. Dimensionless equations
The dynamical field equations (2.2) together with the incompressibility condition (2.3) are very complicated
coupled 2 + 1 dimensional nonlinear partial differential equations. It is very difficult to analyze them directly. In
this section, we shall nondimensionalize them to identify the small variable and small parameters which characterize
this problem. Then, by using their smallness one can proceed with proper approximations. But, before doing that, we
first introduce an important change of variable as follows:
W = W (Z , S, T ), U = RU (Z , S, T ), P = P(Z , S, T ), S = R2. (3.1)
The importance of the above transformation can be seen later. Substituting the above equation into Eqs. (2.3) and
(2.2), we obtain
2V +WZ + 2SVS + V 2 + 2SV VS − 2SVZWS + 2VWZ + 2SVSWZ = 0,
−ρ
µ
WT T + 4WS + 4SWSS +WZ Z − PZ
µ
+ β
2µ
(6SVSVZ + 4S2VSSVZ − VWZ Z
− 4VWS − 4SVSWS + 2SVZ ZWS − 4SVWSS + 4SVZWZS + 4SWSWZS
+ SVZVZ Z − 2SVSWZ Z + 3WZWZ Z )+ 2S PS
µ
VZ + PZ
µ
WZ = 0,
−ρ
µ
VT T + 8VS + 4SVSS + VZ Z − 2 PS
µ
+ β
2µ
(
24SV 2S + 16S2VSVSS − VVZ Z
+ 5
2
V 2Z + 4SVZVZS + 4VZWS + 4SVZSWS + 6W 2S + 4SVZWSS + 8SWSWSS
− 10VWZS − 8SVSWZS + VZWZ Z
)
+ PS
µ
(2V + 4SVS)+ 2 PZ
µ
WS = 0. (3.2)
The corresponding boundary conditions on the two lateral surfaces are given by
VZ + 2WS − β2µV (VZ + 2WS)+ VVZ +
P
µ
VZ = 0 at S = a2 and s = b2,
− P
µ
+ 2V + 4S VS −
(
1− β
µ
)
(V + 2SVS)2 + β4µ S(VZ + 2WS)
2 − 2SVZWS + P
µ
(V + 2SVS) = 0
at S = a2 and S = b2, (3.3)
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To identify the proper small variable and small parameters, the following suitable scales are chosen to obtain the
nondimensionalized equations and the boundary conditions:
W = hw, Z = lx, S = l2s, T = l
c
t, V = h
l
v, P = µh
l
p, (3.4)
where h is a characteristic axial displacement and l is the characteristic wavelength, while c = √3µ/ρ.
Substituting Eq. (3.4) into Eq. (3.2), we have
2v + wx + 2svs + ε(v2 + 2svvs − 2svxws + 2vwx + 2svswx ) = 0,
−ρ c
2
µ
wt t + 4ws + 4swss + wxx − px + ε
[
β
2µ
(6svsvx + 4s2vss vx + svxvxx − 4vws − 4svsws
+ 2svxxws − 4svwss + 4svxwxs + 4swswxs − vwxx − 2svswxx + 3wxwxx )+ 2s psvx + pxwx
]
= 0,
−ρ c
2
µ
vt t + 8vs + 4svss + vxx − 2ps + ε
[
β
2µ
(
24sv2s + 16s2vsvss + 4svxvxs
+ 5
2
v2x − vvxx + 4vxws + 4svxsws + 6w2s + 4svxwss + 8swswss + vxwxx
− 10vwxs − 8svswxs
)
+ ps(2v + 4svs)+ 2pxws
]
= 0, (3.5)
where ε = h/ l is regarded as a small parameter.
The corresponding boundary conditions are given by
vx + 2ws + ε
[
− β
2µ
v(vx + 2ws)+ vvx + p vx
]
= 0 at s = ν and s = γ ,
−p + 2v + 4s vs + ε
[
−
(
1− β
µ
)
(v + 2svs)2 + β4µ s(vx + 2ws)
2 − 2svxws + p(v + 2svs)
]
= 0
at s = ν and s = γ , (3.6)
where ν = (a/ l)2 and γ = (b/ l)2 are regarded as another two small parameters, and we assume that γ = O(ν). We
note that γ ≤ s ≤ ν is a small variable. The importance of the transformation (3.1) is that in the whole problem the
dependence on R, a/ l and b/ l is now through s, ν and γ , respectively.
4. One-dimensional model equations
The dimensionless equations given in the previous section contain a small variable s, and to proceed further one
might think to expand the unknowns in terms of a power series of s. However, as s > 0, the unknowns may depend
on s through log s. Based on this consideration, we rewrite the unknowns into the following forms1:
w = w0(x, s, t; ε; ν; γ )+ ν γ log sw1(x, s, t; ε; ν; γ ),
1 For longitudinal waves, from the linear elastic rod theory, we know that the axial displacement W and the radial displacement U has the
following expressions (see Achenbach [15]):
W = A1(X, T )J0(C1R)+ A2(X, T )Y0(C1R), U = B1(X, T )J1(C2R)+ B2(X, T )Y1(C2R)t,
where Ji (·) (i = 1, 2) are the i th-order Bessel function of the first kind, and Yi (·) (i = 1, 2) are the i th-order Bessel function of the second kind;
Ci (i = 1, 2) are constants related to the wave number and the wave speed. For small y, we have
J0(y) =
∑
i=0
C0i y
2i , Y0(y) =
∑
i=0
C2i y
2i + log y
∑
i=0
C3i y
2i ,
J1(y) =
∑
i=0
C1i y
2i+1, Y1(y) =
∑
i=0
C4i y
2i−1 + log y
∑
i=0
C5i y
2i+1,
where C j i ( j = 0, 1, . . . , 5, i = 0, 1, . . .) are constants.
Since Yi (i = 0, 1) has singularities at R = 0, for a rod, we must have A2(X, T ) = B2(X, T ) = 0, but for a tube, A2(X, T ) and B2(X, T ) are
unknown.
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v = v0(x, s, t; ε; ν; γ )+ ν γ log sv1(x, s, t; ε; ν; γ ),
p = p0(x, s, t; ε; ν; γ )+ ν γ log s p1(x, s, t; ε; ν; γ ). (4.1)
Originally, we have three unknowns. Through the above three equations, we now have six unknowns, which implies
that we can impose three equations ourselves.
Substituting Eq. (4.1) into Eq. (3.5), by imposing that the coefficients of log s equals to zero, we obtain
2v0 + w0x + 2sv0s + ε(2v1 + v20 + 2sv0v0s − 2sv0xw0s + 2v0w0x + 2sv0sw0x ) = 0,
−ρ c
2
µ
w0t t + 4w0s + 4sw0ss + w0xx − p0x + ε
(
8w1s − β
µ
v0v0x − β
µ
sv0sv0x − β
µ
sv0v0xs
+ β
2µ
sv0xv0xx − 2β
µ
v0w0s − 2β
µ
sv0sw0s + β
µ
sv0xxw0s − 2β
µ
sv0w0ss + β
µ
sv0xw0xs
+ 2β
µ
sw0sw0xs + 2β
µ
w0xw0xx + p0xw0x + 2s p0sv0x
)
= 0,
−ρ c
2
µ
v0t t + 8v0s + 4sv0ss + v0xx − 2p0s + ε
(
8v1s − 2 p1s + 4
v1
s
+ 16β
µ
v0v0s + 28β
µ
sv20s + 8
β
µ
sv0 v0ss
+ 16β
µ
s2v0sv0ss + β4µv
2
0x +
β
µ
sv0xv0xs − β2µv0v0xx + 2
β
µ
v0xw0s + 2β
µ
sv0xsw0s + 3β
µ
w20s
+ 2β
µ
sv0xw0ss + 4β
µ
sw0sw0ss −
β
µ
v0w0xs + 2p0xw0s + 2v0 p0s + 4s p0sv0s
)
= 0,
2v1 + 2sv1s + w1x + ε(2v0v1 + 2sv1v0s + 2sv0v1s − 2sv1xw0s + 2v1w0x + 2sv1sw0x
− 2sv0xw1s + 2v0w1x + 2sv0sw1x ) = 0,
p1x + 4w1s + 4sw1ss − ρc
2
µ
w1t t + w1xx + ε
(
−β
µ
v1v0x + 2sp1sv0x − β
µ
sv1v0xs
− β
µ
sv0xv1s − β
µ
v0v1x + 2sp0sv1x − β
µ
sv0sv1x + β2µ sv0xxv1x −
β
µ
sv0v1xs
+ β
2µ
sv0xv1xx − 2β
µ
v1w0s − 2β
µ
sv1sw0s + β
µ
sv1xxw0s − 2β
µ
sv1w0ss + p1xw0x
+ β
µ
sv1xw0xs − 2β
µ
v0w1s − 2β
µ
sv0sw1s + β
µ
sv0xxw1s + 2β
µ
sw0xsw1s − 2β
µ
sv0w1ss
+ p0xw1x + 2β
µ
w0xxw1x + β
µ
sv0xw1xs + 2β
µ
sw0sw1xs + 2β
µ
w0xw1xx
)
= 0,
−2p1s + 8v1s + 4sv1ss − ρc
2
µ
v1t t + v1xx + ε
(
2v1 p0s + 2v0 p1s + 16β
µ
v1v0s + 4sp1sv0s
+ 8β
µ
sv1v0ss − β2µv1v0xx + 16
β
µ
v0v1s + 4sp0sv1s + 56β
µ
sv0sv1s + 16β
µ
s2v0ssv1s
+ 8β
µ
sv0v1ss + 16β
µ
s2v0sv1ss + β2µv0xv1x +
β
µ
sv0xsv1x + β
µ
sv0xv1xs − β2µv0v1xx
+ 2p1xw0s + 2
β
µ
v1xw0s + 2β
µ
sv1xsw0s + 2β
µ
sv1xw0ss − β
µ
v1w0xs + 2p0xw1s + 2β
µ
v0xw1s
+ 2β
µ
sv0xsw1s + 6β
µ
w0sw1s + 4β
µ
sw0ssw1s + 2β
µ
sv0xw1ss + 4β
µ
sw0sw1ss − β
µ
v0w1xs
)
= 0. (4.2)
The terms containing (log s)2 are of O(ε γ 2ν2) and are thus neglected. Eq. (4.2) are then the equations for the six
variables wi , vi and pi (i = 0, 1). Then, we assume that these six variables have the following Taylor expansions:
wi =
∑
j=0
siwi j (x, t), (i = 1, 2),
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pi =
∑
j=0
si pi j (x, t), (i = 1, 2),
v0 = γ ν 1s v00(x, t)+
∑
j=1
s j−1v0 j (x, t),
v1 =
∑
j=0
siv1 j (x, t). (4.3)
Substituting the above expansions into Eq. (4.2) and setting the coefficients of si equal to zero, we have
s−1: −ρ c
2
µ
v00t t + 4v10 + v00xx − 2p10 + ε
(
−8β
µ
v00v02 + 8β
µ
v01v10 + 2β
µ
w01w10
+ 2β
µ
w10 p00x − β2µv01v00xx −
β
2µ
v00xv01x − β2µv00v01xx −
β
µ
v00w01x − β
µ
v01w10x
− 2p01v00 + 2p10v01
)
+ O(γ ν) = 0, (4.4a)
s0: 2v10 + w10x + ε(2v01v10 + 2v10w00x + 2v01w10x )+ O(ε γ ν) = 0, (4.4b)
4w11 − p10x − ρc
2
µ
w10t t + w10xx + ε
(
−2β
µ
v10w01 − 2β
µ
v01w11 − β
µ
v10v01x
− β
µ
v01v10x + 2β
µ
w00xxw10x + 2β
µ
w00xw10xx + p10xw00x + p00xw10x
)
+ O(ε γ ν) = 0, (4.4c)
−2p11 + 8v11 − ρc
2
µ
v10t t + v10xx + ε
(
16
β
µ
v02v10 + 16β
µ
v01v11 + 6β
µ
w01w11
+ 2β
µ
w11v01x − β2µv10v01xx + 2
β
µ
w01v10x + β2µv01xv10x −
β
2µ
v01v10xx − β
µ
v10w01x
− β
µ
v01w11x + 2w11 p00x + 2w01 p10x + 2p11v01 + 2p01v10
)
+ O(ε γ ν) = 0, (4.4d)
w00x + 2v01 + ε(v201 + 2v01w00x )+ O(γ ν) = 0, (4.4e)
4w01 − ρ c
2
µ
w00t t + w00xx − p00x + ε
(
−2β
µ
v01w01 − β
µ
v01v01x + 2β
µ
w00xw00xx
+ p00xw00x
)
+ O(γ ν) = 0, (4.4f)
8v02 − ρ c
2
µ
v01t t + v01xx − 2p01 + ε
(
16
β
µ
v01v02 + 3β
µ
w201 + 2
β
µ
w01v01x + β4µv
2
01x
− β
2µ
v01v01xx − β
µ
v01w01x + 2w01 p00x + 2p01v01
)
+ O(γ ν) = 0, (4.4g)
s: 4v11 + w11x + ε(4v02v10 + 4v01v11 − 2w11v01x − 2w01v10x + 4v11w00x + 2v10w01x
+ 4v02w10x + 2v01w11x )+ O(ε γ ν) = 0, (4.4h)
16w12 − p11x − ρc
2
µ
w11t t + w11xx + ε
(
−4β
µ
v11w01 − 8β
µ
v10w02 − 4β
µ
v02w11
− 8β
µ
v01w12 − 2β
µ
v11v01x + β
µ
w11v01xx − 2β
µ
v10v02x + 2p01v10x − 2β
µ
v02v10x + β2µv01xxv10x
+ β
µ
w01v10xx + β2µv01xv10xx − 2
β
µ
v01v11x + 2β
µ
w11w01x + β
µ
v10xw01x + 2β
µ
w01xxw10x
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+ 2β
µ
w01xw10xx + 2β
µ
w01w11x + β
µ
v01xw11x + 2β
µ
w00xxw11x + 2β
µ
w00xw11xx
+ p00xw11x + p10xw01x + p01xw10x + p11xw00x + 2p11v01x
)
+ O(ε γ ν) = 0, (4.4i)
−4p12 + 24v12 − ρc
2
µ
v11t t + v11xx + ε
(
48
β
µ
v03v10 + 88β
µ
v02v11 + 48β
µ
v01v12 + 20β
µ
w02w11
+ 20β
µ
w01w12 + 8β
µ
w12v01x − β2µv11v01xx + 4
β
µ
w11v02x − β2µv10v02xx + 8
β
µ
w02v10x
+ 3β
2µ
v02xv10x − β2µv02v10xx + 4
β
µ
w01v11x + 3β2µv01xv11x −
β
2µ
v01v11xx − β
µ
v11w01x
− 2β
µ
v10w02x − β
µ
v02w11x − 2β
µ
v01w12x + 4p12v01 + 6p11v02 + 4p02v10
+ 6p01v11 + 4w12 p00x + 2w11 p01x + 4w02 p10x + 2w01 p11x
)
+ O(ε γ ν) = 0, (4.4j)
4v02 + w01x + ε(4v01v02 − 2w01v01x + 4v02w00x + 2v01w01x )+ O(γ ν) = 0, (4.4k)
16w02 − p01x − ρc
2
µ
w01t t + w01xx + ε
(
−4β
µ
v02w01 − 8β
µ
v01w02 + 2p01v01x
−2β
µ
v02v01x + β
µ
w01v01xx + β2µv01xv01xx − 2
β
µ
v01v02x + p01xw00x + 2β
µ
w01w01x
+ p00xw01x + β
µ
v01xw01x + 2β
µ
w00xxw01x + 2β
µ
w00xw01xx
)
+ O(γ ν) = 0, (4.4l)
−4p02 + 24v03 − ρc
2
µ
v02t t + v02xx + ε
(
4p02v01 + 6p01v02 + 44β
µ
v202 + 48
β
µ
v01v03
+ 20β
µ
w01w02 + 4w02 p00x + 2w01 p01x + 8β
µ
w02v01x − β2µv02v01xx + 4
β
µ
w01v02x
+ 3β
2µ
v01xv02x − β2µv01v02xx −
β
µ
v02w01x − 2β
µ
v01w02x
)
+ O(γ ν) = 0, (4.4m)
s2: · · · .
Substituting Eqs. (4.1) and (4.3) into Eq. (3.6), we obtain the corresponding boundary conditions:
2w01 + v01x + ε
(
−β
µ
v01w01 + p00v01x + v01v01x − β2µv01v01x
)
+ ν(4w02 + v02x )
+ γ (2w10 + v00x )+ γ ν log ν(2w11 + v10x )+ O(ε ν, ε γ, γ ν, ν2) = 0,
−p00 + 2v01 + ε
(
p00v01 − v201 +
β
µ
v201
)
− 2γ v00 + ν(−p01 + 6v02)+ γ ν log ν(2v10 − p10)
+ O(ε ν, ε γ, γ ν, ν2) = 0,
2w01 + v01x + ε
(
−β
µ
v01w01 + p00v01x + v01v01x − β2µv01v01x
)
+ ν(2w10 + v00x )
+ γ (4w02 + v02x )+ γ ν log γ (2w11 + v10x )+ O(ε ν, ε γ, γ ν, γ 2) = 0,
−p00 + 2v01 + ε
(
p00v01 − v201 +
β
µ
v201
)
− 2ν v00 + γ (−p01 + 6v02)+ γ ν log γ (2v10 − p10)
+ O(ε ν, ε γ, γ ν, γ 2) = 0. (4.5)
We can see that the above boundary conditions turn into four equations forwi j , vi j and pi j (i = 0, 1, j = 0, 1, 2, . . .).
If we neglect the high-order terms, Eqs. (4.4a)–(4.4l) (except (4.4j)), together with Eq. (4.5), turn out to be a system
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of equations for the 15 unknowns wi j , v0 j , v1k and pik (i = 0, 1, j = 0, 1, 2 and k = 0, 1). The system of equations
are the model equations for nonlinear dispersive waves in a slender elastic tube.
5. Dispersive relations
To justify the 15 1+1 dimensional equations derived in the previous section as good model equations for nonlinear
dispersive waves in a slender elastic tube, in this section we shall show that their dispersion relation matches that of
the exact three-dimensional field equations up to the right order.
A dispersion relation is for linear waves. For a linear problem, we shall work one order higher (up to O(ν2, γ 2)).
We take the linear parts of Eq. (3.5) to obtain
2v + wx + 2svs = 0,
−ρ c
2
µ
wt t + 4ws + 4swss + wxx − px = 0,
−ρ c
2
µ
vt t + 8vs + 4svss + vxx − 2ps = 0, (5.1)
where c = √3µ/ρ is a characteristic velocity. The linearized boundary conditions are given by
2ws + vx = 0 at s = ν and s = γ ,
2v + 4svs − p = 0 at s = ν and s = γ . (5.2)
We assume that the unknown functions w, v, p have the following forms:
w = w0(x, s, t)+ w1(x, s, t) log s,
v = v0(x, s, t)+ v1(x, s, t) log s,
p = p0(x, s, t)+ p1(x, s, t) log s. (5.3)
Substituting Eq. (5.3) into Eq. (5.1), we obtain
−ρ
µ
w0t t + 4w0s + 4sw0ss + w0xx − p0x + 8w1s = 0,
−ρ
µ
v0t t + 8v0s + 4sv0ss + v0xx − 2p0s + 4v1s + 8v1s − 2
p1
s
= 0,
w0x + 2v0 + 2sv0s + 2v1 = 0,
−ρ
µ
w1t t + 4w1s + 4sw1ss + w1xx − p1x = 0,
−ρ
µ
v1t t + 8v1s + 4sv1ss + v1xx − 2p1s = 0,
w1x + 2v1 + 2sv1s = 0. (5.4)
As we are considering long waves, s should be small, and we assume that wi , vi , pi (i = 0, 1) has the following
expansions:
wi =
∑
j=0
s jwi j (x, t),
v0 =
∑
j=0
s j−1v0 j (x, t),
v1 =
∑
j=0
s jv1 j (x, t),
pi =
∑
j=0
s j pi j (x, t) (i = 0, 1). (5.5)
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Substituting Eq. (5.5) into Eq. (5.4) and setting the coefficients of si (i = −1, 0, 1, . . .) to be zero, we obtain
−ρ
µ
v00t t + 4v10 + v00xx − 2p10 = 0, (5.6a)
2v10 + w10x = 0, (5.6b)
4w11 − p10x − ρ
µ
w10t t + w10xx = 0, (5.6c)
−2p11 + 8v11 − ρ
µ
v10t t + v10xx = 0, (5.6d)
w00x + 2v01 + 2v10 = 0, (5.6e)
4w01 + 8w11 − ρ
µ
w00t t + w00xx − p00x = 0, (5.6f)
8v02 − 2p11 + 12v11 − ρ
µ
v01t t + v01xx − 2p01 = 0, (5.6g)
4v11 + w11x = 0, (5.6h)
16w12 − p11x − ρ
µ
w11t t + w11xx = 0, (5.6i)
−4p12 + 24v12 − ρ
µ
v11t t + v11xx = 0, (5.6j)
4v02 + 2v11 + w01x = 0, (5.6k)
16w02 + 16w12 − p01x − ρ
µ
w01t t + w01xx = 0, (5.6l)
−4p02 − 2p12 + 24v03 + 20v12 − ρ
µ
v02t t + v02xx = 0, (5.6m)
6v12 + w12x = 0, (5.6n)
36w13 − p12x − ρ
µ
w12t t + w12xx = 0, (5.6o)
−6p13 + 48v13 − ρ
µ
v12t t + v12xx = 0, (5.6p)
6v03 + 2v12 + w02x = 0, (5.6q)
36w03 + 24w13 − p02x − ρ
µ
w02t t + w02xx = 0, (5.6r)
−6p03 − 2p13 + 48v04 + 28v13 − ρ
µ
v03t t + v03xx = 0, (5.6s)
· · · .
For the boundary conditions, we substitute Eqs. (5.3) and (5.5) into Eq. (5.2) to obtain:
1
ν
(2w10 + v00x )+ log ν(2w11 + v10x )+ 2w01 + 2w11 + v01x
+ ν log ν(4w12 + v11x )+ ν(4w02 + 2w12 + v02x )+ ν2 log ν(6w13 + v12x )+ · · · = 0, (5.7)
−2
ν
v00 + log ν(2v10 − p10)+ 2v01 + 4v10 − p00 + ν log ν(6v11 − p11)
+ ν(6v02 + 4v11 − p01)+ ν2 log ν(10v12 − p12)+ · · · = 0, (5.8)
1
γ
(2w10 + v00x )+ log γ (2w11 + v10x )+ 2w01 + 2w11 + v01x
+ γ log γ (4w12 + v11x )+ γ (4w02 + 2w12 + v02x )+ γ 2 log γ (6w13 + v12x )+ · · · = 0, (5.9)
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− 2
γ
v00 + log γ (2v10 − p10)+ 2v01 + 4v10 − p00 + γ log γ (6v11 − p11)
+ γ (6v02 + 4v11 − p01)+ γ 2 log γ (10v12 − p12)+ · · · = 0. (5.10)
For long waves, we assume that both ν and γ are small. Neglecting the high-order terms, Eqs. (5.6a)–(5.6o), (5.6q)–
(5.6r), together with Eqs. (5.7)–(5.10), are the governing equations for the 21 unknowns: wi j , v0 j , v1k, pik(i =
0, 1, j = 0, 1, 2, 3, k = 0, 1, 2).
To deduce the dispersion relation for linear waves in the tube, we seek a solution such that these unknowns have
the following forms:
fi j = fi j0ei(kx−ωt) (i = 0, 1, j = 0, 1, 2), (5.11)
where i = √−1 and fi j0 are constants.
Substituting Eq. (5.11) into Eqs. (5.6a)–(5.6o), (5.6q)–(5.6r) and (5.7)–(5.10), we have the following linear
homogeneous system of equations:
M H = 0, (5.12)
where
M =
0 0 0 0 q2 0 0 0 0 0 0 0 0 0 0 4 0 0 −2 0 0
ik 0 0 0 0 2 0 0 0 0 0 0 0 0 0 2 0 0 0 0 0
q2 4 0 0 0 0 0 0 −ik 0 0 0 8 0 0 0 0 0 0 0 0
0 0 0 0 0 q2 8 0 0 −2 0 0 0 0 0 0 12 0 0 −2 0
0 0 0 0 0 0 0 0 0 0 0 ik 0 0 0 2 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 q2 4 0 0 0 0 0 −ik 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 q2 8 0 0 −2 0
0 ik 0 0 0 0 4 0 0 0 0 0 0 0 0 0 2 0 0 0 0
0 q2 16 0 0 0 0 0 0 −ik 0 0 0 16 0 0 0 0 0 0 0
0 0 0 0 0 0 q2 24 0 0 −4 0 0 0 0 0 0 20 0 0 −2
0 0 0 0 0 0 0 0 0 0 0 0 ik 0 0 0 4 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 q2 16 0 0 0 0 0 −ik 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 q2 24 0 0 −4
0 0 ik 0 0 0 0 6 0 0 0 0 0 0 0 0 0 2 0 0 0
0 0 q2 36 0 0 0 0 0 0 −ik 0 0 0 24 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 ik 0 0 0 6 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 q2 36 0 0 0 0 0 −ik
0 2 4ν 6ν2
ik
ν
ik νik ν2ik 0 0 0
2
ν
c1,ν c2,ν c3,ν ik f1,ν ik f2,ν ik f3,ν 0 0 0
0 0 0 0 − 2
ν
2 6ν 10ν2 −1 −ν −ν2 0 0 0 0 d1,ν d2,ν d3,ν − f1,ν − f2,ν − f3,ν
0 2 4γ 6γ 2
ik
γ
ik γ ik γ 2ik 0 0 0
2
γ
c1,γ c2,γ c3,γ ik f1,γ ik f2,γ ik f3,γ 0 0 0
0 0 0 0 − 2
γ
2 6γ 10γ 2 −1 −γ −γ 2 0 0 0 0 d1,γ d2,γ d3,γ − f1,γ − f2,γ − f3,γ

,
H = (i0 i1 i2 i3 i4 i5)T , (5.13)
and
q2 = ρ
µ
ω2 − k2, cn,λ = 2λn−1 + 2nλn−1 log λ,
dn,λ = 4λn−1 + (4n − 2)λn−1 log λ, fn,λ = λn−1 log λ,
i0 =
(
w000 w010 w020 w030
)
, i1 =
(
v000 v010 v020 v030
)
,
i2 =
(
p000 p010 p020
)
, i3 =
(
w100 w110 w120 w130
)
,
i4 =
(
v100 v110 v120
)
, i5 =
(
p100 p110 p120
)
.
For the homogeneous system of equations (5.12) to have non-trivial solutions, we must have
detM = 0, (5.14)
or
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− (γ − ν)
2
γ 2ν2
{
1
2
(2k2 − q2)+ γ + ν
16
(k4 − 4k2q2 + q4)
}
+ γ − ν
4γ ν
(log γ − log ν)k2(2k2 − q2)
+ (γ
2 − ν2)2
384γ 2ν2
q2(10k4 − 8k2q2 + q4)− (γ − ν)
2
48γ ν
(−3k6 + 13k4q2 − 5k2q4 + q6)
+ γ
2 − ν2
32γ ν
(log γ − log ν)k2(k4 − 4k2q2 + q4)− 1
32
(log γ − log ν)2q2(2k2 − q2)2
+ O
(
1
γ 2ν2
[γ + ν]5, [γ
2 − ν2][γ + ν]
γ ν
[log γ − log ν], [γ + ν][log γ − log ν]2
)
= 0. (5.15)
From the above equation, for small k2ν and k2γ , we have
ω
k
=
√
3µ
ρ
[
1− γ + ν
16
k2 + 1
4608
(7γ 2 − 338γ ν + 7ν2)k4 + O(k6ν3, k6ν2γ, k6νγ 2, k6γ 3)
]
. (5.16)
This is the asymptotically valid dispersive relation for an incompressible linear elastic tube.
Now, we shall consider the exact dispersion relation of the three-dimensional field equations. For waves
propagating in the positive Z -direction, the original unknowns W, V and P can be expressed in the following
forms:
W = ϕ1(S)ei(k Z−ω T ), V = ϕ2(S)ei(k Z−ω T ), P = ϕ3(S)ei(k Z−ω T ). (5.17)
With Eq. (5.17), from the linear parts of Eq. (3.2), we obtain
ϕ1 = c1q I0(q
√
S)+ c2qK0(q
√
S)+ c3k I0(k
√
S)+ c4kK0(k
√
S), (5.18)
ϕ2 = c1S− 12 I1(q
√
S)+ c2S− 12 K1(q
√
S)+ c3S− 12 I1(k
√
S)+ c4S− 12 K1(k
√
S), (5.19)
ϕ3 = i(q2 − k2)c3 I0(k
√
S)+ i(q2 − k2)c4K0(k
√
S), (5.20)
where Ii (·) is the i th-order modified Bessel function of the first kind, and Ki is the i th-order modified Bessel function
of the second kind.
Substituting Eqs. (5.17)–(5.20) into the linear parts of the boundary conditions Eq. (3.3), we obtain a homogeneous
system of equations for ci (i = 1, 2, 3, 4):
(k2 + q2)I1(q√ν)c1 − (k2 + q2)K1(q√ν)c2 + 2k2 I1(k√ν)c3 + 2k2K1(k√ν)c4 = 0,
[2k(I1(q√ν)− q√ν I0(q√ν))]c1 + [−2k(K1(q√ν)+ q√νK0(q√ν))]c2
+ [−(k2 + q2)√ν I0(k√ν)+ 2k I1(k√ν)]c3 + [−(k2 + q2)√νK0(k√ν)− 2kK1(k√ν)]c4 = 0,
(k2 + q2)I1(q√γ )c1 − (k2 + q2)K1(q√γ )c2 + 2k2 I1(k√γ )c3 + 2k2K1(k√γ )c4 = 0,
[2k(I1(q√γ )− q√γ I0(q√γ ))]c1 + [−2k(K1(q√γ )+ q√γ K0(q√γ ))]c2
+ [−(k2 + q2)√γ I0(k√γ )+ 2k I1(k√γ )]c3 + [−(k2 + q2)√γ K0(k√γ )− 2kK1(k√γ )]c4 = 0. (5.21)
The requirement that the determinant of the coefficients must vanish yields the frequency equation (i.e. the dispersion
relation) as
4k3l(k2 + l2)2√γ ν {I1(l√γ )I1(k√ν)− I1(k√γ )I1(l√ν)} {K0(l√γ )K0(k√ν)− K0(k√γ )K0(l√ν)}
+ 16k6l2√γ ν {I0(l√ν)K0(l√γ )− I0(l√γ )K0(l√ν)} · {I1(k√ν)K1(k√γ )− I1(k√γ )K1(k√ν)}
− 4k3l(k2 + l2)2√γ ν {I0(k√ν)K0(l√γ )− I0(k√γ )K0(l√ν)} {I1(l√ν)K1(k√γ )− I1(l√γ )K1(k√ν)}
− 8k4l(k2 − l2) {I1(k√ν)K1(k√γ )− I1(k√γ )K1(k√ν)} {√γ I1(l√ν)K0(l√γ )
−√ν I1(l√γ )K0(l√ν)−√ν I0(l√ν)K1(l√γ )+√γ I0(l√γ )K1(l√ν)
}
− 4k3l(k2 + l2)2√γ ν {I0(l√ν)K0(k√γ )− I0(l√γ )K0(k√ν)} {I1(k√ν)K1(l√γ )− I1(k√γ )K1(l√ν)}
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+ (k2 + l2)4√γ ν {I0(k√ν)K0(k√γ )− I0(k√γ )K0(k√ν)} · {I1(l√ν)K1(l√γ )− I1(l√γ )K1(l√ν)}
+ 2k(k2 − l2)(k2 + l2)2 {√γ I1(k√ν)K0(k√γ )−√ν I1(k√γ )K0(k√ν)−√ν I0(k√ν)K1(k√γ )
+√γ I0(k√γ )K1(k√ν)
} {
I1(l
√
ν)K1(l
√
γ )− I1(l√γ )K1(l√ν)
}− 4k2(k2 − l2)2 {I1(k√ν)K1(k√γ )
− I1(k√γ )K1(k√ν)
} {
I1(l
√
ν)K1(l
√
γ )− I1(l√γ )K1(l√ν)
}
+ 4k3l(k2 + l2)2√γ ν {I0(l√γ )I0(k√ν)− I0(k√γ )I0(l√ν)}
· {K1(l√γ )K1(k√ν)− K1(k√γ )K1(l√ν)} = 0. (5.22)
For small values of k2ν and k2γ , after conducting an aymptotic analysis, we have
ω
k
=
√
3µ
ρ
[
1− γ + ν
16
k2 + 1
4608
(7γ 2 − 338γ ν + 7ν2)k4 + O(k6ν3, k6ν2γ, k6νγ 2, k6γ 3)
]
. (5.23)
Comparing Eqs. (5.16) and (5.23), we can see that the dispersive relation given by our mothod and that of the exact
three-dimensional theory are the same. This justifies using the 15 1+ 1 dimensional equations derived in the previous
section as the valid model equations for nonlinear dispersive waves in a slender elastic tube.
Remark 1. From the leading order of the homogeneous equations (5.12), we can also see that all the singular terms
(which may become singular as s → 0), such as w1i0, v000, v1i0 and p1i0 (i = 1, 2, . . .), are of O(γ ν). So the leading
order of the singular components of w, u and p are at least of O(γ ν) (see Eq. (5.3)). That is why we multiply γ ν to
the singular components of w, u and p in Eqs. (4.1) and (4.3).
6. The far-field equation
Although the model equations derived by us are 1+1 dimensional, they are 15 coupled nonlinear partial differential
equations, and lack the analytical tool to tackle them directly. In this section, we shall concentrate on uni-directional
waves in the far-field. The reductive perturbation method is used to derive the far-field equation. For that purpose, we
introduce the transformations:
ξ = x − t, τ = ε t (6.1)
and assume the unknowns to have the following asymptotic expansions:
wi j =
∑
m
εm−1wi jm(ξ, τ ),
v0 j =
∑
m
εm−1v0 jm(ξ, τ ),
v1k =
∑
m
εm−1v1km(ξ, τ ),
pik =
∑
m
εm−1 pikm(ξ, τ ) (i = 0, 1, j = 0, 1, 2 and k = 0, 1). (6.2)
Substituting the above transformations and expansions into the system of 15 equations obtained in Section 4, and
taking the limits that ε → 0, ν → 0 and γ → 0 (i.e. at O(1)), we have
−2p100 − 2v000ξξ + 4v100 = 0,
2v100 + w100ξ = 0,
−p100ξ − 2w100ξξ + 4w110 = 0,
−2p110 − 2v100ξξ + 8v110 = 0,
2v010 + w000ξ = 0,
−2p010 − 2v010ξξ + 8v020 = 0,
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−p000ξ − 2w000ξξ + 4w010 = 0,
4v110 + w110ξ = 0,
−p110ξ − 2w110ξξ + 16w120 = 0,
4v020 + w010ξ = 0,
−p010ξ − 2w010ξξ + 16w020 = 0,
v010ξ + 2w010 = 0,
−p000 + 2v010 = 0,
v010ξ + 2w010 = 0,
−p000 + 2v010 = 0. (6.3)
From the above system of equations, we have
w010 = 14w000ξξ ,
w020 = 364w000ξξξξ ,
w110 = 14 (−v000ξξξ + w100ξξ ),
w120 = − 164v000ξξξξξ +
3
64
w100ξξξξ ,
v010 = −12w000ξ ,
v020 = − 116w000ξξξ ,
v100 = −12w100ξ ,
v110 = 116 (v000ξξξξ − w100ξξξ ),
p000 = −w000ξ ,
p010 = 14w000ξξξ ,
p100 = −v000ξξ − w100ξ ,
p110 = 14 (v000ξξξξ + w100ξξξ ). (6.4)
At O(ε), we obtain
−2p101 + 4v101 + 6v000ξτ − 2v001ξξ + v000ξξw000ξ − 2w100w000ξξ − 12v000w000ξξξ + w000ξw100ξ
+ β
4µ
(v000ξw000ξ )ξ + β2µw100w000ξξ +
β
2µ
v000w000ξξξ + 5β2µw000ξw100ξ = 0,
2v101 + w101ξ − 32w000ξw100ξ = 0,
4w111 − p101ξ + 6w100ξτ − 2w101ξξ − v000ξξξw000ξ − (w000ξw100ξ )ξ + 2β
µ
(w000ξw100ξ )ξ
− β
4µ
v000ξξξw000ξ = 0,
−2p111 + 8v111 − 2v101ξξ − 3w100ξξτ − 14 (w000ξw100ξ )ξξ −
1
2
w000ξξw100ξξ − β4µv000ξξξξw000ξ
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− 5β
8µ
v000ξξξξw000ξ − β8µv000ξξξw000ξξ +
β
2µ
w000ξξξw100ξ + β2µw000ξw100ξξξ = 0,
2v011 − 34w
2
000ξ + w001ξ = 0,
−2p011 + 8v021 − 2v011ξξ − 3w000ξξτ − 12w
2
000ξξ −
1
4
w000ξw000ξξξ + β2µw000ξw000ξξξ = 0,
4w011 − p001ξ − w000ξw000ξξ + 2β
µ
w000ξw000ξξ + 6w000ξτ − 2w001ξξ = 0,
4v111 + w111ξ + 38v000ξξξξw000ξ −
1
4
v000ξξξw000ξξ − 38 (w000ξw100ξ )ξξ +
7
8
w000ξξw100ξξ = 0,
16w121 − p111ξ + 32w100ξξτ − 2w111ξξ −
3
2
v000ξξξξτ − 14v000ξξξw000ξξξ +
1
4
w000ξξξξw100ξ
− 1
2
(w000ξξw100ξξ )ξ + 14w000ξw100ξξξξ +
1
4
w000ξv000ξξξξξ − β2µv000ξξξξw000ξξ
− β
16µ
v000ξξξw000ξξξ + 5β8µw000ξξξξw100ξ +
β
2µ
(w000ξξw100ξξ )ξ + 5β8µw000ξw100ξξξξ
− β
2µ
w000ξv000ξξξξξ = 0,
4v021 + 14w
2
000ξξ −
3
8
w000ξw000ξξξ + w011ξ = 0,
16w021 − p011ξ + 32w000ξξτ − 2w011ξξ −
1
2
w000ξξw000ξξξ + 14w000ξw000ξξξξ +
β
2µ
w000ξξw000ξξξ
+ 5β
8µ
w000ξw000ξξξξ = 0,
2w011 + 2γ
ε
w100 + γ
ε
v000ξ + v011ξ + ν8εw000ξξξξ +
3
4
w000ξw000ξξ = 0,
−p001 − 2γ
ε
v000 + 2v011 − 5ν8εw000ξξξ +
1
4
w2000ξ +
β
4µ
w2000ξ = 0,
2w011 + 2ν
ε
w100 + ν
ε
v000ξ + v011ξ + γ8εw000ξξξξ +
3
4
w000ξw000ξξ = 0,
−p001 − 2ν
ε
v000 + 2v011 − 5γ8ε w000ξξξ +
1
4
w2000ξ +
β
4µ
w2000ξ = 0. (6.5)
In deriving the above equations, use has been made of Eq. (6.4). From Eq. (6.5), we obtain
v000 = 516w000ξξξ ,
w100 = − 332w000ξξξξ ,
w011 = −34w000ξw000ξξ −
γ + ν
16ε
w000ξξξξ + 14w001ξξ ,
w021 = −1964w000ξξw000ξξξ −
β
64µ
w000ξξw000ξξξ − 332w000ξw000ξξξξ −
3β
128µ
w000ξw000ξξξξ
− γ + ν
256ε
w000ξξξξξξ − 316w000ξξτ +
3
64
w001ξξξξ ,
w111 = −14v001ξξξ −
1
64
w000ξξξw000ξξξξ + 11β256µw000ξξξw000ξξξξ −
1
128
w000ξξw000ξξξξξ
+ β
32µ
w000ξξw000ξξξξξ + 364w000ξw000ξξξξξξ +
3β
64µ
w000ξw000ξξξξξξ + 38w000ξξξξξτ +
1
4
w101ξξ ,
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w121 = − 164v001ξξξξξ +
1
1024
w000ξξξξw000ξξξξξ + 25β2048µw000ξξξξw000ξξξξξ +
13
512
w000ξξξw000ξξξξξξ
+ 45β
4096µ
w000ξξξw000ξξξξξξ + 312048w000ξξw000ξξξξξξξ +
3β
256µ
w000ξξw000ξξξξξξξ
− 15
2048
w000ξw000ξξξξξξξξ + 9β1024µw000ξw000ξξξξξξξξ +
9
128
w000ξξξξξξξτ + 364w101ξξξξ ,
v011 = −12w001ξ +
3
8
w2000ξ ,
v021 = 18w
2
000ξξ +
9
32
w000ξw000ξξξ + γ + ν64µ w000ξξξξξ −
1
16
w001ξξξ ,
v101 = − 9128w000ξw000ξξξξξ −
1
2
w101ξ ,
v111 = 116v001ξξξξ +
1
256
w2000ξξξξ −
11β
1024µ
w2000ξξξξ −
3
1024
w000ξξξw000ξξξξξ
− 19β
1024µ
w000ξξξw000ξξξξξ + 11512w000ξξw000ξξξξξξ −
5β
256µ
w000ξξw000ξξξξξξ
− 51
1024
w000ξw000ξξξξξξξ − 3β256µw000ξw000ξξξξξξξ −
3
32
w000ξξξξξξτ − 116w101ξξξ ,
p001 =
(
1+ β
4µ
)
w2000ξ −
5(γ + ν)
8ε
w000ξξξ − w001ξ ,
p011 = −12w
2
000ξξ +
1
4
(
1+ β
µ
)
w000ξw000ξξξ + γ + ν16ε w000ξξξξξ −
3
2
w000ξξτ + 14w001ξξξ ,
p101 = −v001ξξ − 564w
2
000ξξξ +
5β
64µ
w2000ξξξ +
3
32
w000ξξw000ξξξξ + β64µw000ξξw000ξξξξ
− 1
32
w000ξw000ξξξξξ − 5β64µw000ξw000ξξξξξ +
15
16
w000ξξξξτ − w101ξ ,
p111 = 14v001ξξξξ +
1
64
w2000ξξξξ −
11β
256µ
w2000ξξξξ +
9
128
w000ξξξw000ξξξξξ − 25β256µw000ξξξw000ξξξξξ
+ 35
128
w000ξξw000ξξξξξξ − 25β256µw000ξξw000ξξξξξξ −
5
32
w000ξw000ξξξξξξξ − 43β256µw000ξw000ξξξξξξξ
− 15
64
w000ξξξξξξτ + 14w101ξξξ (6.6)
and one compatability condition:
w000ξτ −
(
1− β
4µ
)
w000ξw000ξξ + γ + ν16ε w000ξξξξ = 0. (6.7)
Eq. (6.7) is the asymptotically valid far-field equation, which is the KdV equation for w000ξ .
It is known that the KdV equation admits a solitary wave solution. The solitary wave solution for Eq. (6.7) is given
by
w000ξ = sgn(β − 4µ)sech2[λ1(ξ − λ2τ)], (6.8)
where
λ1 =
√
4ε
3(γ + ν)
∣∣∣∣ β4µ − 1
∣∣∣∣, λ2 = 13
∣∣∣∣ β4µ − 1
∣∣∣∣ .
From this solution, we can see that the inner radius does not affect the propagation speed of the solitary wave (up to
O(1)). However, it affects the wave length of the solitary wave. The larger the inner radius is, the longer the solitary
wave is. The largest possible value of the inner radius is a. In this case, comparing with the solitary wave in a slender
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elastic cylinder (for which the inner radius is zero), the solitary wave is
√
2 longer. In any case, since the KdV equation
arises in the far field as the governing equation, it shows that a solitary wave can propagate in a slender elastic tube.
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